The concept of intertwined orders has been introduced to describe the cooperative relationship between antiferromagnetic spin correlations and electron (or hole) pair correlations that develop in copper-oxide superconductors. This contrasts with systems in which, for example, charge-density-wave (CDW) order competes for Fermi surface area with superconductivity. La 2−x Ba x CuO 4 with x = 0.125 provides an example in which the ordering of spin stripes coincides with the onset of two-dimensional superconducting correlations. The apparent frustration of the interlayer Josephson coupling has motivated the concept of the pair-density-wave superconductor, a state that theoretical calculations show to be energetically competitive with the uniform d-wave superconductor. Even at x = 0.095, where there is robust superconductivity below 32 K in zero field, the coexistence of strong, low-energy, incommensurate spin excitations implies a spatially modulated and intertwined pair wave function. Recent observations of CDW order in YBa 2 Cu 3 O 6+x and other cuprate families have raised interesting questions regarding the general role of charge modulations and the relation to superconductivity. While there are differences in the doping dependence of the modulation wave vectors in YBa 2 Cu 3 O 6+x and La 2−x Ba x CuO 4 , the maximum ordering strength is peaked at the hole concentration of 1/8 in both cases. There are also possible connections with the quantum oscillations that have been detected about the same hole concentration but at high magnetic fields. Resolving these relationships remains a research challenge.
Competing vs. intertwined orders
Underdoped cuprate superconductors exhibit a "pseudogap" phase that becomes apparent below a temperature T * , where T * decreases with increased doping, approaching the superconducting transition temperature T c for hole concentrations beyond optimal (where optimal doping corresponds to maximum T c ) [1] . It has become common to discuss "competing" orders that may be responsible for the pseudogap and which may compete with superconductivity. There are certainly many good examples of systems where the transition temperature for one type of order, such as charge density wave (CDW) or spin density wave (SDW) order, drops to zero * E-mail address: jtran@bnl.gov at the same point where the superconducting T c reaches its maximum. For example, pressure causes the CDW transitions in TaS 2 to decrease from 550 K towards zero, while the superconducting T c rises to 5 K, and continues in the absence of CDW order at higher pressures [2] . At this meeting, Núñez-Regueiro reviewed a variety of related systems in which an order such as CDW or SDW competes for Fermi surface area with superconductivity [3] .
A rather different sort of picture has emerged from studies of La 2−x Ba x CuO 4 [4, 5, 6] . Here, SDW and CDW orders appear to be intertwined with a spatiallymodulated superconductivity, referred to as a pairdensity-wave (PDW) superconductor [7, 8, 9] . Antiferromagnetic and pairing correlations seem to develop in a cooperative fashion, forming a spatially self-organized arXiv:1412.1011v1 [cond-mat.supr-con] 2 Dec 2014 pattern. Such behavior has motivated the perspective that intertwined orders are a common feature of the cuprate superconductors [10] .
Recent observations of CDW order in YBa 2 Cu 3 O 6+x [11, 12, 13] have led to renewed discussions of competing order. While many questions remain, it appears that the concept of intertwined order is relevant to the interpretation of these results [10] .
Pseudogap
The nominal Fermi surface of an underdoped CuO 2 plane forms a hole pocket about k = (π/a, π/a). In the superconducting state, the d-wave pairing gap has a node near (π/2a, π/2a), with the gap maxima occurring in the vicinity of (π/a, 0) and (0, π/a) (known as the antinodal regions). In the temperature range above T c but below T * , the superconducting gap closes along a finite arc about the nodal point, but a gap remains in the antinodal region [14, 15, 16] . The energy scale of the pseudogap is quite similar to that of the superconducting gap, just as the magnitude of T * is similar to T c .
Is the pseudogap associated with some type of competing order? There have certainly been proposals of various specific orders intended to explain the pseudogap [17, 18] . In a conventional picture, a well-defined Fermi liquid would be present at T > T * , and the pseudogap would appear and grow as the competing order develops. A problem with such a scenario is that there is no Fermi liquid state at T > T * . Optical conductivity studies demonstrate the absence of a Drude peak, and hence the absence of coherent quasiparticles [19, 20] . The appearance of coherent states, associated with the nodal arc states, occurs only on cooling below T * . This happens in parallel with the development of antiferromagnetic spin correlations, as indicated by the bulk spin susceptibility [21, 22] . Thus, charge coherence and spin correlations appear to develop at the same time, suggesting cooperation rather that competition.
La 2−x Ba x CuO 4 and the PDW
The case of La 2−x Ba x CuO 4 provides an example of how spins and charges can organize themselves in an intertwined fashion that enables strong pairing of holes. After the initial discovery of high-temperature superconductivity [23] , exploration of the phase diagram revealed a sharp minimum of T c at the hole concentration x ≈ 1/8 [24] . Such a strong dip in T c is not observed in chemically-similar La 2−x Sr x CuO 4 [25] . It was quickly demonstrated that the unusual behavior in La 2−x Ba x CuO 4 is associated with a phase transition to the low-temperature tetragonal (LTT) phase at a temperature of ∼ 60 K [26] . When single crystals became available, neutron diffraction measurements on the related system La 1.48 Nd 0.4 Sr 0.12 CuO 4 , which also exhibits the LTT phase, found the presence of charge and spin stripe order [27, 28] . The occurrence of stripe order was eventually confirmed in La 2−x Ba x CuO 4 [29, 6] [31, 32, 33, 34] , where spin stripe order had previously been detected [35] .
The occurrence of charge and spin stripe order was predicted long before it was detected [36, 37, 38, 39] . These analyses properly captured the fact that the charge stripes act as antiphase domain walls for the spin stripes, so that wave vectors q c for charge order and q s for spin order (with the latter measured relative to Q AF = (π/a, π/a)) are related by q c = 2q s . Where they disagree with experiment is in predicting that the charge stripes should be insulating, with one hole per Cu site along a stripe, and with a period d c = 2π/(q c a) = 1/x; experiment finds d c ≈ 2/x [40, 6] , corresponding to about half of a hole per Cu site along a stripe. After stripes were detected, the role of stripe fluctuations was considered in order to account for metallic behavior in cuprates [41] . [The existence of charge-stripe fluctuations in the analog system La 2−x Sr x NiO 4 (with insulating charge stripes) has now been confirmed by neutron scattering experiments [42, 43] (and the system becomes a bad metal when the stripes are fluctuating [44, 45] ).]
An alternative theoretical approach is the concept of Coulomb-frustrated phase separation [46, 47, 48] . An early analysis of the t-J model indicated that a low density of holes in an antiferromagnet would tend to phase separate [49] ; the phase separation is possible because the model does not take account of extended Coulomb interactions. Accounting for such interactions with an effective Hamiltonian led to predictions of a variety of charge-ordered states, including stripe and checkerboard orders [48] . After stripes were experimentally observed, the possibility of superconductivity arising from pairing correlations within the hole-rich stripes was explored [50] . At the time, only in-phase coupling of pairing between stripes was considered, and it was concluded that superconducting order would require fluctuating stripes in order to avoid competition from CDW order [51] .
The formation of stripes can be viewed as a compe-tition between the kinetic energy of the holes and the exchange energy between the spins. This effect has been efficiently captured by density matrix renormalization group (DMRG) calculations of the t-J model on finite systems [52, 53, 54] . These calculations yield a charge density of ∼ 0.5 hole/site, consistent with experiment. Furthermore, strong pairing correlations within the stripes are obtained [55] . Experimentally, stripe order in La 2−x Ba x CuO 4 with x = 1/8 strongly depresses bulk superconducting order; however, careful studies of the anisotropic resistivity and magnetic susceptibility in single crystals revealed evidence for the onset of two-dimensional (2D) superconducting correlations at ∼ 40 K, simultaneously with spin stripe order [4, 5] . (Similar observations of 2D superconductivity have been reported for stripe-ordered La 1.6−x Nd 0.4 Sr x CuO 4 [56] .) While superconductivity in the cuprates is always driven by the electronic correlations within the CuO 2 planes, there is inevitably a Josephson coupling between the layers that induces 3D superconducting order when the correlation length for 2D superconducting phase order becomes sufficiently large. The suppression of 3D order in La 2−x Ba x CuO 4 x = 1/8 suggests that the interlayer Josephson coupling must be frustrated. This frustration effect was first observed in a c-axis optical conductivity study of La 1.85−y Nd y Sr 0.15 CuO 4 , where the increasing Nd concentration leads to a transition to the LTT phase and stripe order, together with a collapse of the Josephson plasma resonance, despite the survival of bulk superconductivity [57] . These observations motivated the concept of the PDW [7, 8, 9] . Because of the rotation of the charge-stripe direction by 90
• between layers in the LTT phase [58] , Josephson coupling between the PDW order in neighboring layers is zero. It is interesting to note that the PDW state has also been proposed from a different starting point, that of "Amperean pairing" [59] .
While the PDW state provides a good explanation of the 1/8 anomaly, is it an energetically competitive state? Recent variational tensor network studies of the t-J model suggest that it is [60, 61] . Using reasonable parameters, the stripe state with antiphase d-wave superconducting order is very close to that of stripes with in-phase d-wave order; both are found to be slightly lower in energy than the uniform d-wave state. There has also been an interesting mean-field analysis of the PDW state [62] .
Is the PDW state relevant at hole concentrations away from x = 1/8? Optical conductivity studies of La 2−x Sr x CuO 4 with x = 0.1 provided evidence that superconducting layers become decoupled in a c-axis magnetic field [63, 64] . This led us to investigate the behavior of La 2−x Ba x CuO 4 with x = 0.095, for which the zero-field T c is 32 K. Measurements of resistivity parallel and perpendicular to the planes showed that the in-plane resistivity remains effectively zero while the caxis resistivity can become finite in quite modest c-axis fields (< 1 T) [65] . Such measurements have been extended to fields as high as 35 T, at which point the inplane resistivity is negligible at 13 K while the c-axis resistivity is compatible with strongly insulating behavior [66] . While the stability of this novel high-field state is yet to understood, these results suggest that the PDW state may be induced by a c-axis magnetic field, leading to the frustration of the interlayer Josephson coupling.
Can the modulated superconducting state be relevant to good superconductors at zero field? We have recently investigated the spin fluctuations in the La 2−x Ba x CuO 4 x = 0.095 sample by inelastic neutron scattering [67] . This sample exhibits weak spin and charge stripe order in the superconducting state. Measurements of the incommensurate spin fluctuations at T T c reveal gapless excitations with a strength comparable to that of spin waves in antiferromagnetic La 2 CuO 4 . Similarly, there is no sign of a "spin resonance" peak. The absence of a spin gap and resonance peak violates the current paradigm for antiferromagnetic superconductors [68, 69] .
Empirically, superconductivity does not like to coexist with static or quasi-static local antiferromagnetic order. Near optimum doping, the spectral weight of lowenergy spin fluctuations is weak in the normal state, and below T c the system may organize itself so as to gap the spin fluctuations below the energy of the superconducting gap. In the case of La 2−x Ba x CuO 4 with x = 0.095, we have bulk superconductivity coexisting with spatially-modulated quasi-static antiferromagnetic spin correlations. These observations seem to imply that the superconducting pair wave function must be spatially modulated, to minimize overlap with the lowenergy spin correlations [67] . The modulated state in zero field is probably not a pure PDW, since the PDW is quite sensitive to disorder and would tend to frustrate the interlayer Josephson coupling; nevertheless, some degree of modulation appears unavoidable.
CDW in YBa 2 Cu 3 O 6+x
Soon after quantum oscillations were observed in underdoped YBa 2 Cu 3 O 6+x at high magnetic fields and low temperature [70, 71, 72, 73] , it was proposed that the corresponding Fermi-surface pockets might result from a reconstruction of the Fermi surface due to spin stripes [74] or charge stripes [75] . Similarities were demonstrated in the temperature dependence of transport properties, such as the thermoelectric power, between YBa 2 Cu 3 O 6+x (at finite magnetic field) and stripe-ordered "214" cuprates [76] . Nuclear magnetic resonance (NMR) studies revealed a magnetic-fieldinduced splitting of NMR lines, with an onset at a minimum field of 10 T, consistent with some type of charge order that appears at high field [11, 77] . A soundvelocity study also provides evidence for a transition to a distinct high-field state at low temperature (although the transition field seems to be different from that found by NMR) [78] . Thermal conductivity measurements provide further support for such a transition, and torque magnetometry provides evidence that diamagnetism is present above that transition (although this is above the vortex melting transition) [79] . It has been proposed that the transition between states with finite diamagnetism may correspond to a switch from uniform dwave to PDW superconductivity [79] .
In the mean time, distinct short-range CDW order has been detected in YBa 2 Cu 3 O 6+x by both resonant soft-x-ray scattering [12, 80, 81] and high-energy x-ray diffraction [13, 82] . Results for a range of dopings have recently been summarized [83, 84] . The most intense CDW scattering and the highest onset temperatures occur near a hole concentration of 0.12, the same point at which the upper critical field H c2 (as measured by the onset of finite resistivity) shows a dip [85, 86] , and remarkably similar to the 1/8 anomaly in La 2−x Ba x CuO 4 . The maximum CDW onset temperature is ∼ 150 K, which is quite high compared to charge ordering in La 2−x Ba x CuO 4 ; however, to the extent that this ordering may depend on anisotropic Cu-O bonds, such an anisotropy is present in orthorhombic YBa 2 Cu 3 O 6+x up to the Cu-O chain ordering temperature, above 300 K. On cooling, the CDW intensity reaches a peak at the superconducting T c , and falls below it [12, 13] ; application of a c-axis magnetic field strong enough to depress the superconductivity causes an enhancement of the CDW intensity [13] . (Similar behavior is seen in La 2−x Ba x CuO 4 for x far enough from 1/8 that the charge order is not close to saturation [87] .) Diffraction studies have found similar shortrange CDW correlations in Bi 2 Sr 2−x La x CuO 6+δ [88] , Bi 2 Sr 2 CaCu 2 O 8+δ [89] , and HgBa 2 CuO 4+δ [90] . (CDW order has even been seen in the electron-doped superconductor Nd 2−x Ce x CuO 4 [91] .) For the former two materials, it has been shown [88, 89] that the CDW correlations correspond to modulations previously detected by scanning tunneling spectroscopy studies, especially at biases comparable to the pseudogap energy [92, 93, 94] . A significant observation from many of these studies is that the CDW wave vector tends to decrease slowly with hole doping, in contrast to the relationship q c /a * ≈ 2x already noted for La 2−x Ba x CuO 4 and closely related compounds. The characteristic spin wave vectors for low-energy magnetic excitations in Bi 2+x Sr 2−x CuO 6+y and YBa 2 Cu 3 O 6+x increase with hole doping in a fashion quantitatively similar to La 2−x Ba x CuO 4 and La 2−x Sr x CuO 4 [95] ; it follows that the CDW modulations in YBa 2 Cu 3 O 6+x and these other compounds has no direct connection to the spin correlations. It is notable that that inducing static incommensurate spin order in YBa 2 Cu 3 O 6+x through the partial substitution of Zn causes the CDW signal present without Zn to weaken [81] ; this result suggests that the high-temperature CDW correlations are distinct from the charge and spin stripes found in La 2−x Ba x CuO 4 .
The connection between the CDW orders seen at low and high fields in YBa 2 Cu 3 O 6+x has yet to be resolved. NMR studies show that the modulation in the low-field CDW is relatively weak, as it only results in a small, temperature-dependent line broadening [96] . The same appears to be true in HgBa 2 CuO 4+δ , where, despite narrow 17 O NMR lines, an early study found no sign of anything unusual [97] . It seems likely that the high-field CDW is related to the modulations detected by scanning tunneling spectroscopy within halos about magnetic vortices in Bi 2 Sr 2 CaCu 2 O 8+δ [98] ; these modulations have been detected via resonances at an energy smaller than the superconducting gap. Further studies of this kind may provide a better understanding.
For YBa 2 Cu 3 O 6+x , a plot of T c measured in a caxis field of 15 or 30 T shows a doping dependence with a strong dip at the hole concentration of 0.12 [86] . This two-hump behavior is quite similar to that seen in La 2−x Ba x CuO 4 [6] . While the discussion so far has focused on the charge correlations that are optimized at 0.12, it is also interesting to consider the character of the robust superconducting state in the lowdoping dome. For La 2−x Ba x CuO 4 , this corresponds to x = 0.095, which was argued in the previous section to have a spatially-modulated superconducting wave function related to the PDW state. For YBa 2 Cu 3 O 6+x , the lower dome has a maximum at the hole concentration 0.08, where neutron scattering studies have found quasistatic, incommensurate spin correlations [99] , with the elastic response enhanced by an applied magnetic field [100] . This behavior is quite similar to La 2−x Ba x CuO 4 , and suggests the relevance of PDW-like superconductivity.
Conclusion
The intertwined orders of spin, charge, and superconductivity found in La 2−x Ba x CuO 4 at x = 1/8, where bulk superconductivity is strongly depressed, appear to be relevant also to understanding the robust superconductivity found at x = 0.095. While there may be differences with the type of CDW correlations found in other cuprate families, the fact that charge order is optimized near the hole concentration of 1/8 suggests a common "ineluctable complexity" [101] . Quasi-static incommensurate spin correlations are likely intertwined with superconductivity in YBa 2 Cu 3 O 6+x with a hole concentration of 0.08, suggesting that such behavior may be common in the cuprates. It will be of interest to test the generality of such behavior in future experiments, as well as to perform direct tests for PDW superconducting order [102] . 
